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ABSTRACT 

 

One of the most important goals in a statistics class is to develop students who are statistically 

literate and can reason with statistical concepts. The REALI instrument was designed to 

concurrently assess statistical literacy and reasoning in introductory statistics students. This paper 

reports a measurement analysis of the statistical literacy and reasoning subscores from the REALI 

assessment and the extent to which they are reliable and distinct. Investigation of these subscores 

is used clarify the relationship between the constructs of statistical literacy and statistical reasoning 

and to what extent they overlap. The results of this analysis, under a Multidimensional Item 

Response Theory framework, show that the statistical literacy and reasoning subscores provide no 

added value over a single general statistical knowledge score. This indicates the two constructs 

might be indistinguishable from one another. 

 

Keywords: Statistics education research; Assessment; Statistical Literacy; Statistical Reasoning; 

Subscores 

 

1. INTRODUCTION 

 

There are a growing number of introductory statistics courses that have less emphasis on 

calculations and procedures, and instead focus on developing students’ understanding and reasoning 

(e.g., Adams et al., 2021; Cummiskey et al., 2020; Garfield et al., 2012; Hudiburgh et al., 2020; Tintle 

et al., 2012). As tertiary statistics educators look to update their courses, one resource guiding their 

pedagogical decisions is often the Guidelines for Assessment and Instruction in Statistics Education 

(GAISE) College Report (GAISE College Report ASA Revision Committee, 2016). 

The GAISE College Report outlines a set of recommendations for teaching introductory statistics in 

two- and four-year tertiary-level institutions. It also lists several learning objectives for introductory 

statistics students with the intent of producing statistically educated students. The first recommendation 

is to “[t]each statistical thinking” (p. 12) a recommendation initially made in 1992 when a focus group 

led by George Cobb was initiated to suggest improvements in the teaching of introductory statistics 

(Cobb, 1992).  

The GAISE College Report defines statistical thinking as, “the type of thinking that statisticians use 

when approaching or solving statistical problems” (p. 12). This definition is derived largely from the 

work of Wild and Pfannkuch (1999) who interviewed applied statisticians about their reasoning and 

thinking as they engaged in an empirical enquiry. This focus on the understandings and elements 

underlying the process of “doing statistics” is at the root of many early attempts at defining statistical 

thinking (e.g., Mallows, 1998; Moore, 1990; Snee, 1990; Sylwester, 1993). 
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While statistical thinking is an important outcome for introductory statistics students, courses that 

emphasize conceptual understanding are often more focused on developing students’ statistical literacy 

and reasoning. Within the GAISE College Report, these two outcomes are subsumed in the 

recommendation to “teach statistical thinking.” (p. 3) For example, in further describing this 

recommendation, the authors indicated that “[e]ffective statistical thinking requires seeing connections 

among statistical ideas …” (p. 12) (statistical reasoning) and an end goal is to have “… students to 

become statistically literate” (p. 12) (statistical literacy).  

Despite the documented importance of developing students’ statistical literacy and reasoning in 

both the educational and research communities, there is little consensus about the conceptualization of 

these constructs. Also, while researchers have opined about the relationship between these constructs 

(e.g., Callingham & Watson, 2017; Chance, 2002; delMas, 2002; Garfield & Ben-Zvi, 2007; 2008), 

there has been no empirical work, to date, that has confirmed any of these hypotheses. This study seeks 

to better understand the structure of the relationship between statistical literacy and reasoning through 

a psychometric analysis of students’ responses on the REALI assessment (Sabbag et al., 2018), an 

instrument developed to assess statistical literacy and reasoning. 

 

2. DEFINING AND DISTINGUISING STATISTICAL LITERACY AND STATISTICAL 

REASONING 

 

This section summarizes definitions and descriptions of statistical literacy and statistical reasoning 

available in the statistics education literature. Information is also reported about the relationship 

between these learning goals. 

 

2.1.  STATISTICAL LITERACY 

 

Much work has been done to describe and understand statistical literacy better in the field of 

statistics education (e.g., Cobb, 1992; Gal, 2002; Rumsey, 2002; Utts, 2003). One of the most cited 

definitions of statistical literacy comes from Gal’s 2002 paper about the nature of adults’ statistical 

literacy and its components. Gal proposed a model of statistical literacy with two components: 

knowledge and dispositions. The knowledge component is comprised of cognitive elements such as 

literacy skills, knowledge of statistics, mathematics and context, and critical questions. The dispositions 

component is comprised of critical stance and composed of beliefs and attitudes. In addition to 

proposing this model of statistical literacy, Gal also defined statistical literacy as the ability to 

comprehend, interpret, communicate, and evaluate statistical information critically. Budgett and 

Pfannkuch (2007) built on Gal’s (2002) work but added a reasoning piece to his definition. This piece 

was comprised of statistical argumentation knowledge and everyday events knowledge (viewing daily 

events from a statistical perspective). Kaplan and Thorpe (2010) defined statistical literacy as the skills 

and knowledge adults need to be consumers of statistics, which is consistent with Gould’s (2017) 

observation that, “[t]he set of knowledge and understanding required to be statistically literate is often 

defined by differentiating the needs of consumers of statistics from those of producers of statistics, a 

dichotomy that goes back at least as far as Hotelling (1940)” (p. 22). 

These definitions give us a broad view of what statistical literacy is, but are not adequate to describe, 

nor measure the construct. In a pioneering article, reviewing the scholarship on statistical literacy, 

Rumsey (2002) tried to present a more nuanced description of statistical literacy by considering the 

related student goals encompassed by statistical literacy in an introductory statistics course. She 

categorized the goals into two sub-components of statistical literacy that she termed statistical 

competence and statistical citizenship. Goals categorized into the first component were related to the 

knowledge students need to acquire before being able to reason and think statistically (e.g., data 

awareness, data collection, basic statistical concepts, basic interpretation, and communication skills). 

The citizenship component included goals related to students’ ability to operate in a data-driven society 

(e.g., critiquing results, making decisions based on statistical information). Other frameworks used to 

describe statistical literacy have been proposed by Watson and Callingham (2003), Gal (2004), Kaplan 

and Thorpe (2010), and Sharma et al. (2011).  

Despite the amount of published work undertaken to describe and better understand statistical 

literacy in the field of statistics education, there is little consistency observed among how this construct 



Statistics Education Research Journal 

3 

is defined within this literature. Some of this variation seems to be related to the population being 

studied—statistical literacy looks different for school-level students than for tertiary students. Another 

source of variation may be that the construct of statistical literacy has changed over time. As the world 

changes, so does the knowledge and skills people need to engage as informed citizens. This in turn, 

changes what is encompassed in the construct of statistical literacy.  For example, MacGillivray (2021) 

proposed students should be able to tackle modern data in different levels such as recording, wrangling, 

dissecting, handling, exploring, processing, presenting, and analyzing. Engel (2017) also stated that 

cleaning, transforming, and structuring data are necessary skills for students to have in today’s world. 

These types of changes portend that the construct of statistical literacy adapts to include some degree 

of data literacy and elements of computational thinking (e.g., Gould, 2021; MacGillivray, 2021; 

Prodromou & Dunne, 2017; Ridgway et al., 2013).  

 

2.2.  STATISTICAL REASONING 

 

Like statistical literacy, statistical reasoning has been defined by many statistics educators and 

researchers. Unlike statistical literacy, most of the definitions of statistical reasoning are primarily 

focused on college and school students. In addition, most of the work in this area has focused on 

reasoning about specific statistical concepts. 

Garfield (2002) reviewed definitions of statistical reasoning from six researchers (Chervaney et al., 

1977; Chervaney et al., 1980; Hawkins et al., 1992; Nisbett, 1993; Sedlmeier, 1999; and Lovett, 2001) 

and concluded that no clear agreement has been reached regarding these definitions. In addition, 

Garfield stated that more studies are needed to better understand students’ statistical reasoning and how 

it can be developed in statistics courses. 

To clarify the learning goal of statistical reasoning, Garfield and Chance (2000) and Garfield (2002) 

defined statistical reasoning as reasoning with statistical concepts and understanding statistical 

information. According to the authors, statistical reasoning included interpretations, representations and 

summarizing data. It also included connecting statistical concepts from which further inferences can be 

drawn. Garfield and Ben-Zvi (2008) expanded the previous definition, stating that statistical reasoning 

is “mental representations and connections that students have regarding statistical concepts” (p. 34). 

Further efforts were made by Jones et al. (2004) who reviewed three papers about models of 

development in statistical reasoning (Jones et al., 2000; Mooney, 2002; Watson et al., 1995) and 

concluded that this construct was composed of hierarchical stages and cycles.  

 

2.3.  RELATIONSHIP BETWEEN STATISTICAL LITERACY AND REASONING 

 

Despite the prevalence in the literature of references to statistical literacy and reasoning, 

understanding of these constructs is still evolving. For example, the literature reviewed in the previous 

sections reveals a lack of consensus regarding how the two constructs are defined, described, and 

related.  

To understand the possible connections between these learning goals, delMas (2002) reviewed 

definitions from Garfield (2002), Rumsey (2002), and Chance (2002). From this review, he proposed 

two models of the relationship between these constructs. In the first model, statistical literacy has 

content that is independent from statistical reasoning; there is, however, an overlap between them. In 

the second model proposed, statistical literacy is an all-encompassing goal of instruction and statistical 

reasoning does not have content independent from literacy. 

This first model from delMas (2002) aligned with what was observed in the literature as some of 

the statistical literacy definitions had statistical reasoning components which might be due to this 

overlap between constructs. For instance, Rumsey (2002) defined “statistical citizenship” (which is 

considered a part of statistical literacy) and mentioned that students take actions that may require 

statistical reasoning, such as the judgment and evaluation of statistical information. Rumsey (2002), 

however, also stated that “statistical competence” (which is also considered as a part of statistical 

literacy) is a requirement for statistical reasoning. Additionally, in their investigations of the construct 

of statistical literacy, Callingham and Watson (2017) called attention to statistical reasoning aspects in 

Gal’s (2004) definition of statistical literacy, and they also used statistical reasoning as part of their 

definition of upper levels of statistical literacy. Another example of this overlap is found in Budgett and 
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Pfannkuch’s (2007) definition of adults’ statistical literacy, which also contained a statistical reasoning 

component. Based on these ideas, it seems that statistical literacy and reasoning have their own 

attributes, being independent of each other, but may also overlap. The extent to which these learning 

goals might overlap, however, is not clear in the literature. The terms statistical literacy and reasoning 

have been used interchangeably in the literature (Chance, 2002; delMas, 2004; Garfield, 2002), and this 

might point to the idea that these concepts might overlap so much, that they might be indistinguishable.  

Another issue identified in the literature concerns a possible hierarchy between statistical literacy 

and reasoning. Garfield and Ben-Zvi (2007, 2008) argued for a hierarchy between these learning goals 

with statistical literacy as the basis for statistical reasoning. To better understand this possible hierarchy, 

Garfield and Ben-Zvi (2008) compared each of these learning goals with the categories in Bloom’s 

taxonomy (Bloom et al., 1956); no empirical evidence was reported, however, regarding this possible 

alignment with Bloom’s taxonomy and the hierarchy between these learning goals. 

In summary, there are unanswered questions regarding the relationship between statistical literacy 

and reasoning. It might be that these are distinct but related constructs, or it is possible that they might 

overlap (and the extent of the overlap is not clear in the literature). Finally, a possible hierarchy between 

these constructs (with literacy being a requirement for reasoning) has also been proposed in the 

literature. These possible relationships between statistical literacy and reasoning will be translated to 

three different statistical models to be examined later in the paper.  

 

2.4.  SUMMARY AND RESEARCH QUESTION 

 

Although research in statistics education has posed different models for how the constructs of 

statistical literacy and statistical reasoning might be related, much of what is reported about the 

relationship between statistical literacy and reasoning is not based on empirical evidence. This study 

seeks to understand the relationship between these two learning goals using student response data from 

the Reasoning and Literacy Instrument (REALI) instrument, an assessment designed to concurrently 

measure statistical literacy and statistical reasoning. For more information about other assessments of 

statistical literacy and reasoning see Sabbag et al. (2018). 

The construction of REALI and item development process is laid out in Sabbag et al. (2018), which 

also provides initial validity evidence. Some of that evidence, based on comparing the fit indices of 

three potential models of how the constructs of statistical literacy and reasoning may be related, 

indicated that the unidimensional model had the best model–data fit. These results suggest that the 

constructs of statistical literacy and reasoning may overlap so much that they cannot be distinguished 

(at least when measured by the REALI instrument).  

The analysis undertaken, however, had several limitations including the criteria used to select the 

“best” model (fit and parsimony) and a homogenous sample of students (all from a single university). 

Moreover, the study employed a limited set of simple models to describe the structure and relationship 

of these constructs. While these limitations are understandable given the early stage of the assessment’s 

development cycle, the collection and presentation of validity evidence is a continual process (Messick, 

1989), and is important for further informing the structure of these constructs and the use of test scores 

from REALI.  

Despite the careful construction and development of the REALI assessment, there is an open 

question about whether separate statistical literacy and reasoning scores should be reported in addition 

to a total score. Depending on how statistical literacy and reasoning are related, scores for these two 

constructs (subscores) might be highly correlated and, therefore, might not provide distinct information 

from the total score. This could mean that the constructs of statistical literacy and reasoning are 

indistinguishable from one another (at least as when measured by the REALI instrument). If this is true, 

then reporting subscores is not useful or appropriate, as they would not provide independent diagnostic 

information about students’ statistical literacy and reasoning (Haberman, 2008; American Educational 

Research Association et al., 2014; Tate 2004).  

To build on earlier work related to REALI, the current study seeks to investigate the nature of the 

relationship between statistical literacy and reasoning by evaluating a set of measurement models 

hypothesized in the literature. Relatedly, we will examine whether statistical literacy and reasoning can 

be measured reliably and distinctly and the extent to which it is worth reporting subscores for these 

constructs in addition to an overall score when using the REALI assessment. 
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3.  METHODS  

 

The REALI instrument is composed of a total of 40 items, which are intended to measure the constructs 

of statistical literacy and statistical reasoning. Half of the items were written to focus on statistical 

literacy, and the other half were written to focus on statistical reasoning. Sabbag et al. (2018) contains 

detailed information about the development of REALI instrument together with the validity evidence 

that was gathered to support the intended inferences as uses of the instruments’ scores. To illustrate, we 

provide one example of a statistical literacy item and a statistical reasoning item. Item 9 (Figure 1) is 

an example of a statistical literacy item and to answer this question correctly, students need to know 

how to interpret a standard deviation given a context. In the REALI instrument, statistical literacy items 

assess students' ability to recall, describe, or interpret basic statistical information. Items at this level 

usually address a single statistical concept. If multiple statistical concepts are addressed, the item will 

not require students to  make connections between them (recall information will be sufficient). Item 18 

(Figure 2) is an example of a statistical reasoning item that measures students’ ability to recognize 

biased and unbiased sampling methods; students also must recognize the sampling method used in the 

stem of the question is not a random sample. Finally, students also had to understand that accuracy was 

related to study design and not sample size. It is important to note that the reasoning part of this item is 

included in the four alternative options. Each alternative addresses a different statistical concept; 

therefore, forcing students to reason with these concepts while answering the question. In the REALI 

assessment, statistical reasoning items assess students’ ability to make connections among statistical 

concepts, create mental representations of statistical problems, and explain relationships between 

statistical concepts. Items at this level usually address more than one statistical concept and require 

making connections between them. Because of the number of concepts addressed, statistical reasoning 

items require higher order thinking and higher cognitive load than statistical literacy items. Please see 

Sabbag et al. (2018) for additional information about REALI.  

 

 

Figure 1. Example of statistical literacy item from REALI 

 

 

Figure 2. Example of statistical reasoning item from REALI 

 

To investigate the relationship between statistical literacy and statistical reasoning, the response 

data from REALI will be used to fit a set of measurement models hypothesized in the statistics education 

literature. The results from fitting these models will be used to provide additional validity evidence and 

inform how student scores from the REALI instrument should be reported and interpreted. The data 

9. Thirty introductory statistics students took a quiz worth 30 points. The standard 

deviation of the quiz scores was 1 point. Which of the following gives the most 

suitable interpretation of this standard deviation? 

a. All of the individual scores are one point apart. 

b. The difference between the highest and lowest score is 1 point. 

c. The difference between the upper and lower quartile is 1 point. 

d. A typical distance of a score from the mean is 1 point. 

18. A sportswriter wants to know the extent to which football fans in a large city support 

building a new football stadium. She stands outside the current football stadium 

before a game and interviews the first 250 people who enter the stadium. The 

newspaper reports the results from the sample as an estimate of the percentage of 

football fans in the city who support building a new stadium. Which statement is 

correct in terms of the sampling method? 

a. This is a simple random sample. It will give an accurate estimate. 

b. Because the sample is so small, it will not give an accurate estimate. 

c. Because all fans had a chance to be asked, it will give an accurate estimate. 

d. The sampling method is biased. It will not give an accurate estimate. 
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collected, candidate models fitted, and analyses undertaken are described in detail in the following 

subsections. 

 

3.1.  DATA COLLECTION 

 

The 40-item REALI assessment was administered in two phases. In the first phase, a recruitment 

email was sent out via (1) the Consortium for the Advancement of Undergraduate Statistics Education 

(CAUSE) website (http://www.causeweb.org); (2) the statistics education section of the American 

Statistical Association; and (3) the Isolated Statisticians listserv 

(http://ww2.amstat.org/committees/isostat/isostat.html). See Sabbag et al. (2018) for more information 

on this first phase of data collection. One of the limitations reported by Sabbag et al. (2018) was the 

small sample size, which might have been the cause of high standard errors and low discriminating 

items. For this reason, a second round of data collection took place mostly at California Polytechnic 

State University. The lead author administered the assessment to students in her introductory statistics 

courses during the following quarters: Spring 2018, Fall 2018, Winter 2019, Spring 2019, and Winter 

2020. Additional data in this second phase were also collected from instructors who contacted the author 

and showed interest in using the REALI assessment. These instructors were from the University of 

Minnesota, University of Colorado Boulder, University of Northern Colorado, Wesleyan College, and 

Washington and Lee University and data was collected during the 2017–2020 academic years. The 

Institutional Review Board from California Polytechnic State University reviewed and approved this 

research project (IRB2018263). 

 

3.2.  CANDIDATE MODELS 

 

To determine the nature of the relationship between statistical literacy and statistical reasoning, we 

identified three candidate models based on descriptions of the hypothesized relationship between 

statistical literacy and reasoning posited in the statistics education literature (Models A–C). In addition, 

we consider an additional candidate model in which the two constructs are indistinguishable from one 

another (Model D.) Path diagrams of the four candidate models are presented in Figure 3a–d and 

described more thoroughly below. 

 

 
 

Figure 3a. Model A: Candidate model fitted to examine distinctiveness in subscores for students’ 

statistical literacy and statistical reasoning 

http://www.causeweb.org/
http://ww2.amstat.org/committees/isostat/isostat.html
http://www2.lawrence.edu/fast/jordanj/isostat.html)
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Figure 3b. Model B: Candidate model fitted to examine distinctiveness in subscores for students’ 

statistical literacy and statistical reasoning 

 

 

 
 

 

Figure 3c. Model C: Candidate model fitted to examine distinctiveness in subscores for students’ 

statistical literacy and statistical reasoning 
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Figure 3d. Model D: Candidate model fitted to examine distinctiveness in subscores for students’ 

statistical literacy and statistical reasoning 

 

The measurement model underlying the first candidate model, Model A, presumes that the 

covariation in the response data is due to two correlated latent dimensions, namely statistical literacy 

and statistical reasoning. Within this model, statistical literacy and reasoning are distinct yet related 

constructs, without an assumed hierarchy. 

A second measurement model used to investigate the structure between statistical literacy and 

statistical reasoning (Model B) is the bi-factor model (Gibbons & Hedeker, 1992). In this model, the 

covariation in the response data is again due to the direct effects of two independent latent constructs, 

statistical literacy and reasoning. In this model, the dimension of statistical literacy has a direct effect 

solely on statistical literacy items and the dimension of statistical reasoning has a direct effect solely on 

statistical reasoning items. There is also a general construct (which we refer to as Statistical Knowledge) 

that also has direct effects on all the literacy and reasoning items. These effects account for the shared 

variability in students’ responses.  

Model C, similar to Model A, suggests that the relationship between statistical literacy and 

reasoning is distinct yet related. In this model, however, there is a hierarchical structure with statistical 

literacy forming the basis of statistical reasoning. Here, the covariation in the response data is again due 

to the two latent constructs, but the dimension of statistical literacy now has a direct effect on all the 

items (including the items assessing statistical reasoning). This can be seen by the dotted lines in the 

model which represent the cross-loadings. In fitting this model, the effect of statistical literacy on all 

items will be fixed to a constant value, and the cross-loadings will be constrained so that literacy’s 

effect on the reasoning items is smaller than the direct effects from statistical reasoning. This reflects 

the idea that statistical literacy plays the same role in responding to all items and that statistical 

reasoning plays a larger role than literacy in responding to the reasoning items.  

Lastly, Model D represents a structure in which statistical literacy and statistical reasoning are 

indistinguishable from one another. In this model, all 40 REALI items would load on a single 

dimension, which we will again refer to as Statistical Knowledge.  

 

3.3.  ITEM RESPONSE THEORY ANALYSIS 

 

 Because all items in the REALI instrument were scored dichotomously (correct or incorrect), and 

to make the analysis parallel to the one performed in Sabbag et al. (2018), all four candidate models 

were fitted utilizing an Item Response Theory (IRT) framework. Model D has a single ability dimension 

(statistical knowledge), and it was fitted using a unidimensional 2-Parameter Logistic (2PL) IRT model 

that specifies the probability of a correct response in which items are allowed to vary in terms of their 

difficulty and discrimination. In the 2PL model, the probability of a correct response is given by 
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𝑝(𝑥𝑖𝑗 = 1|𝜃𝑗, 𝛼𝑖 , 𝛿𝑖) =
𝑒
𝛼𝑖(𝜃𝑗−𝛿𝑖)

1+𝑒
𝛼𝑖(𝜃𝑗−𝛿𝑖)

   (3.1) 

 

where θj is the statistical knowledge ability for person j, αi is the discrimination parameter for item i, 

and δi is the difficulty for item i. The remaining candidate models were fitted using Multidimensional 

Item Response Theory (MIRT), an extension of the unidimensional IRT model that seeks to explain a 

student’s response to an item based on the student’s abilities across multiple latent dimensions 

(Reckase, 2009). The MIRT models estimate the probability of a correct response to an item using a 

logistic function that considers the item’s difficulty and how well that item discriminates between 

individuals of different ability levels. Models A, B, and C are based on a multidimensional extension 

of the 2PL Model (McKinley & Reckase, 1983; Reckase, 1985), where the probability of a response 

(xij = 1 as correct and xij = 0 as incorrect) on item i by person j is given by 

 

𝑝(𝑥𝑖𝑗 = 1|𝜽𝒋, 𝜶𝒊, 𝛾𝑖) =
𝑒
𝜶𝒊𝜽𝒋

′+𝛾𝑖

1+𝑒
𝜶𝒊𝜽𝒋

′+𝛾𝑖
,      (3.2) 

where θj = [θj1, θj2, θj3, …, θjm] is the vector of abilities for each person on each of the m dimensions, 

the vector αi = [αi1, αi2, αi3, …, αim] contains the discrimination parameter of item i for each of the m 

dimension, and the intercept parameter (or overall multidimensional item difficulty) of item i is γi.  

Since Models A and C have two dimensions (statistical literacy and statistical reasoning), then  

θj = [θj1, θj2] with 𝜃𝑗1 representing the statistical literacy ability of Person j and 𝜃𝑗2 the statistical 

reasoning ability for Person j. In addition, αi = [αi1, αi2] with 𝛼𝑖1 representing the discrimination 

parameter of Item i on the statistical literacy dimension and 𝛼𝑖2 representing the discrimination 

parameter of Item i on the statistical reasoning dimension. It is important to note that for Model A, each 

item is directly influenced only by the dimension it belongs to, therefore one of the elements in vector 

αi that is related to the dimension the items do not belong to will be set to 0. For instance, Item 1 is a 

statistical literacy item, and its discrimination vector α1 will have α12 (discrimination parameter of item 

1 on the statistical reasoning dimension) set 0 zero: α1 = [α11, 0]. Item 3 is a statistical reasoning item, 

and its discrimination vector α3 will have α31 (discrimination parameter of item 3 on the statistical 

literacy dimension) set 0 zero: α3 = [0, α32].   

For Model C, the description of Model A regarding the discrimination values will remain the same 

for statistical literacy items. However, for statistical reasoning items, their discrimination parameters 

on the statistical literacy dimension will not be set to 0. Instead, the discrimination parameters on the 

statistical literacy dimension will be set to a fixed value that is the same across all the reasoning items. 

In addition, that fixed value for the discrimination parameters of reasoning items on the statistical 

literacy dimension will be smaller than the discrimination parameters of reasoning items on the 

statistical reasoning dimension. In other words, each of the statistical reasoning items will have its 

highest discrimination value from the statistical reasoning dimension to represent the need of statistical 

reasoning knowledge to answer a reasoning item beyond the need of statistical literacy knowledge. 

Model B has three dimensions (statistical knowledge, statistical literacy, and statistical reasoning). 

For this model, the ability vector is θj = [θj1, θj2, θj3] with 𝜃𝑗1 and 𝜃𝑗2 having the same interpretation as 

for Models A and C, but θj3 representing the statistical knowledge ability for person j. In addition, the 

discrimination vector is αi = [αi1, αi2, αi3] with 𝛼𝑖1 and 𝛼𝑖2 having the same interpretation as for Models 

A and C, but with αi3 representing the discrimination parameter of item i on the statistical knowledge 

dimension. The discrimination parameters on each dimension will be set in the same way as in Model 

A; however the discrimination vector αi for all items will also contain a non-zero αi3 value for each item.  

When fitting these models, the ability estimates are on a continuous scale ranging from -3 to 3, the 

origin (mean of ability values) was fixed to zero and the variance of ability values was fixed to one.  

 

3.4.  ANALYSIS 

 

Several fit indices were used to evaluate the fitted candidate models. These indices help evaluate 

fitness to the response data at the item- and model-level. At the item-level, the S-X2 statistic (Orlando 

& Thissen, 2000, 2003) was employed to assess whether each item fits the IRT model. This statistic is 
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based on the observed and expected frequencies of correct and incorrect for each summed score. Under 

the hypothesis that the model fits the data, and the sample size is large, the S-X2 statistic is 

approximately distributed as a Pearson chi-squared statistic. Large values of the statistic, corresponding 

to small p-values values indicate lack of fit.  

The Root Mean Square Error of Approximation (RMSEA), Bentler’s Comparative Fit Index (CFI), 

and Tucker-Lewis Index (TLI) was also used to evaluate model-level fit. Guidelines for evaluation 

suggest that RMSEA values between 0.00 and 0.05 and TLI and CFI values greater than 0.95 indicate 

close fit to the data (Browne & Cudeck, 1993; Hu & Bentler, 1999).  

The IRT models were further compared using the Akaike Information Criterion (AIC; Akaike, 

1974), the corrected AIC (AICc; Sugiura, 1978), the Bayesian Information Criterion (BIC; Schwarz, 

1978), and the sample-size-adjusted BIC (SABIC; Sclove, 1987). These statistics allow for comparison 

of both nested and unnested models, if the same outcome and data are used to estimate those models 

with smaller values indicate better data–model fit. 

To evaluate the quality of subscores for statistical literacy and statistical reasoning produced from 

the three MIRT models, we examined measures of distinctness and reliability for these scores. To 

investigate the distinctiveness of subscores, correlations between the subscores produced from each 

model were compared. Models that produced more distinctive scores should have lower correlations 

between the subscores. To evaluate the reliability of the subscores, we computed and compared a 

measure of empirical reliability proposed by Zimowski et al. (2003) for the subscores from each MIRT 

model. This measure of reliability:  

 

( )
( ) MSEVar

Var

S

S
S

+
=




 2  ,    (3.3) 

 

where θs are the person-ability estimates for each latent dimension and MSE is the mean of the 

conditional error variance for the θs estimates for all students. Models producing subscores with higher 

reliability measures will be preferred. 

 

4. RESULTS 

 

In the first phase of data collection, a total of 23 instructors from 16 colleges and universities around 

the United States and Canada administered the REALI assessment online using Qualtrics. A total of 

671 students consented to participate and completed the assessment. During the second phase of data 

collection, eight instructors from six colleges and universities in the United States administered the 

REALI assessment online using Survey Monkey. A total of 818 students consented to participate and 

completed the assessment. The final sample size was 1,489 students enrolled in introductory level 

statistics courses at the undergraduate and graduate level.  

The method of administration (in-class or outside of class) was decided by the instructors. The only 

requirement was for students to work independently when completing the assessment. To increase 

student participation and effort, it was suggested instructors use the assessment to provide credit or 

extra credit to the students. All analyses were conducted using R version 4.1.0 (R Development Core 

Team, 2020). 

 

4.1. TOTAL SCORES 

 

The distribution of the total scores (number out of the 40 items that were answered correctly) for 

all students is displayed in Figure 4 (left). The mean and median scores were 26.79 and 28 with a 

standard deviation of 7.76. The scores varied from 4 to 40.  
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Figure 4. Distribution of REALI total score (left), statistical literacy subscores (center), and statistical 

reasoning subscores (right). 

 
The distributions of the statistical literacy and statistical reasoning subscores (number out of 20 

subscale items that were answered correctly) are presented in Figure 4 (center and right respectively). 

The mean and median statistical literacy subscore were 14.43 and 15 with a standard deviation of 3.95. 

The mean and median statistical reasoning subscore were 12.36 and 13 with a standard deviation of 

4.26. There was a high correlation between the statistical literacy and reasoning subscores (r = 0.79), 

and both sets of subscores were also highly correlated with the total scores (r = 0.94 for literacy and  

r = 0.95 for reasoning). 

 

4.2.  ITEM RESPONSE THEORY ANALYSIS 

 

Each of the four candidate models was fitted using the MIRT package in R (Chalmers, 2012). Fit 

indices and information criteria are reported in Table 1 for each model.  

 

Table 1. Model-level fit indices and information criteria for the correlated (Model A), cross-loadings 

(Model B), bi-factor (Model C), and unidimensional (Model D) models 

 

 Fit Indices  Information Criteria 

Model RMSEA TLI CFI  AIC AICc SABIC BIC 

Model A 0.03 0.98 0.98  60524 60534 60697 60954 

Model B 0.02 0.98 0.98  60384 60405 60639 61021 

Model C 0.04 0.95 0.95  61734 61743 61904 62158 

Model D 0.03 0.98 0.98  60513 60523 60684 60938 
Note. Fit indices in bold indicate good fit to the data. Information criteria in bold indicate the model with the most empirical 

evidence given the data and candidate models. 

 

All four candidate models presented good fit to the data with TLI and CFI values greater than 0.95 

and RMSEA values smaller than 0.05. Based on the different information criteria, there was no 

consensus as to which model has the most empirical evidence. The bi-factor model (Model B) had the 

smallest AIC, AICc, and SABIC values. The correlated model (Model A) which had the smallest BIC 

value. Of note, the correlated model also had the second smallest AIC, AICc, and SABIC values. 

Items were also examined for potential misfit using the S-X2 statistic (Orlando & Thissen, 2000). 

This chi-squared based statistic measures the discrepancy between the observed and expected 

proportion of examinees who answer the item correctly for each potential test score (i.e., number of 

items correct). Table 2 includes the S-X2 statistics for the 40 items in each of the four candidate models. 

Ten of the 40 items were flagged in all four models (Items 3, 8, 12, 19, 21, 25, 27, 30, 31, and 35).  
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Table 2. Item-level diagnostic statistics for the correlated (Model A), bi-factor (Model B), cross-

loadings (Model C), and unidimensional (Model D) 

 
 Model A Model B Model C Model D 

Item X2 (d.f.) p X2 (d.f.) p X2 (d.f.) p X2 (d.f.) p 

1 42.00 (29) 0.06 42.66 (29) 0.05 41.72 (30) 0.08 42.07 (30) 0.07 

2 38.62 (27) 0.07 38.08 (27) 0.08 36.82 (28) 0.12 39.02 (28) 0.08 

3 58.29 (27) 0.00 61.69 (27) 0.00 59.04 (28) 0.00 58.01 (28) 0.00 

4 36.66 (26) 0.08 37.07 (26) 0.07 44.17 (28) 0.03 36.63 (27) 0.10 

5 23.09 24() 0.51 22.94 (24) 0.52 20.57 (23) 0.61 21.23 (24) 0.63 

6 34.17 (29) 0.23 34.23 (29) 0.23 38.52 (30) 0.14 34.08 (30) 0.28 

7 34.94 (27) 0.14 34.18 (27) 0.16 33.91 (28) 0.20 35.02 (28) 0.17 

8 43.88 (27) 0.02 44.88 (27) 0.02 45.86 (28) 0.02 43.94 (28) 0.03 

9 36.54 (26) 0.08 35.53 (26) 0.10 36.78 (28) 0.12 36.75 (27) 0.10 

10 30.66 (26) 0.24 30.48 (27) 0.29 32.10 (28) 0.27 30.94 (27) 0.27 

11 38.20 (29) 0.12 38.57 (29) 0.11 44.79 (30) 0.04 37.61 (30) 0.16 

12 45.53 (27) 0.01 44.27 (27) 0.02 48.57 (27) 0.01 46.97 (29) 0.02 

13 30.83 (26) 0.24 31.27 (26) 0.22 34.22 (27) 0.16 30.87 (26) 0.23 

14 33.52 (26) 0.15 33.16 (26) 0.16 35.38 (27) 0.13 33.79 (27) 0.17 

15 28.63 (26) 0.33 28.24 (26) 0.35 31.48 (27) 0.25 28.78 (27) 0.37 

16 12.22 (23) 0.97 13.27 (23) 0.95 22.71 (26) 0.65 12.25 (24) 0.98 

17 34.48 (26) 0.12 35.80 (27) 0.12 37.36 (29) 0.14 35.24 (27) 0.13 

18 34.75 (26) 0.12 33.86 (26) 0.14 43.36 (27) 0.02 34.66 (27) 0.15 

19 52.84 (25) 0.00 51.42 (25) 0.00 47.93 (26) 0.01 53.53 (26) 0.00 

20 17.51 (27) 0.92 17.51 (27) 0.92 19.76 (28) 0.87 17.42 (28) 0.94 

21 45.60 (24) 0.01 46.84 (24) 0.00 44.49 (25) 0.01 46.47 (25) 0.01 

22 39.20 (27) 0.06 37.88 (27) 0.08 38.82 (28) 0.08 39.23 (29) 0.10 

23 22.00 (23) 0.52 22.57 (23) 0.49 56.63 (27) 0.00 21.86 (24) 0.59 

24 32.38 (27) 0.22 32.79 (27) 0.20 32.67 (29) 0.29 32.27 (28) 0.26 

25 52.80 (25) 0.00 50.85 (25) 0.00 55.72 (26) 0.00 52.25 (26) 0.00 

26 29.16 (26) 0.30 28.61 (26) 0.33 35.47 (27) 0.13 28.92 (27) 0.37 

27 54.58 (27) 0.00 50.48 (27) 0.00 57.40 (29) 0.00 55.02 (28) 0.00 

28 31.68 (28) 0.29 31.89 (28) 0.28 33.74 (29) 0.25 31.71 (29) 0.33 

29 20.47 (26) 0.77 20.13 (26) 0.79 25.71 (28) 0.59 20.44 (27) 0.81 

30 47.78 (29) 0.02 47.14 (29) 0.02 51.06 (30) 0.01 47.83 (30) 0.02 

31 47.50 (26) 0.01 47.11 (25) 0.01 48.96 (27) 0.01 47.98 (27) 0.01 

32 25.88 (26) 0.47 25.34 (26) 0.50 28.90 (27) 0.37 25.77 (27) 0.53 

33 26.57 (28) 0.54 27.60 (28) 0.49 30.18 (29) 0.41 26.57 (29) 0.60 

34 33.45 (26) 0.15 33.70 (26) 0.14 33.84 (27) 0.17 33.74 (27) 0.17 

35 44.64 (28) 0.02 45.58 (28) 0.02 53.73 (28) 0.00 44.38 (29) 0.03 

36 34.72 (29) 0.21 33.85 (29) 0.25 36.92 (29) 0.15 34.97 (30) 0.24 

37 13.20 (19) 0.83 13.41 (19) 0.82 19.29 (23) 0.68 13.23 (20) 0.87 

38 37.96 (28) 0.10 38.38 (28) 0.09 33.87 (28) 0.21 38.56 (29) 0.11 

39 31.87 (27) 0.24 30.18 (27) 0.31 33.68 (28) 0.21 31.79 (28) 0.28 

40 34.14 (27) 0.16 33.66 (27) 0.18 35.63 (28) 0.15 33.95 (28) 0.20 

 

Subscores. Subscores for statistical literacy and statistical reasoning were estimated from the three 

multidimensional models. These model-estimated subscores are distinct from the subscores displayed 

in Figure 4, as they are calculated based on the items that each student correctly answered and the 

difficulty of such items. A score for statistical knowledge was also estimated for Model B (the bi-factor 

model). The reliabilities for and correlations between these scores are presented in Table 3.  

Based on these results, the subscores for Model A have high reliability but no evidence of 

distinction. The subscores from Model B seemed to be distinct but had very low reliability. The scores 

for the statistical knowledge dimension were highly reliable. The subscores from Model C have lower, 

albeit acceptable, reliability. In addition, they do show some evidence of distinction between the two 

sets of subscores. 

The scores from the unidimensional model had a high reliability of 0.87. Almost all of the subscores 

from the multidimensional models (Models A–C) were highly correlated with the score from the 
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unidimensional model. The exceptions to this are the literacy and subscores from the bi-factor model 

(Model B).   

 

Table 3. Reliability and correlation estimate for the multidimensional models 

 
   Reliability Correlation between 

Literacy and Reasoning 

subscores 

Correlation between 

Literacy and Reasoning 

subscores and scores 

from the Unidimensional 

model  

Model A        Literacy 0.87 0.99 (0.964*) 0.99 

Reasoning 0.87 0.99 

Model B        Literacy 0.26 -0.11 0.04 

Reasoning 0.35 0.15 

Statistical knowledge 0.87 — 0.99 

Model C        Literacy 0.79 0.76 0.95 

Reasoning 0.74 0.92 

Note. *Model estimated correlation between the latent dimensions of statistical literacy and statistical reasoning. 

 

All three multidimensional models (Models A–C) showed evidence of good fit to the data. Given 

the subscore analysis, however, Model C seems to have the most evidence of reliability and 

distinctiveness of the subscores. The estimated item parameters and standard errors obtained from 

fitting this model are presented in Table 4 (see Appendix) along with those from Model D.  

 

5. DISCUSSION 

 

This section provides a discussion of what was learned about the relationship between statistical literacy 

and reasoning constructs as measured by the REALI assessment. The section concludes with limitations 

and ideas for future research. 

The Standards for Educational and Psychological Testing (AERA, APA, & NCME, 1999) state 

that, if a test provides more than a single score, evidence of distinctiveness and reliability for these 

scores needs to be provided to support the use and interpretation of the subscores. Examining the total 

score and subscores from the REALI assessment and the extent to which they are reliable and distinct 

can provide this type of evidence.  

All three multidimensional models (Models A–C) and the unidimensional model (Model D) showed 

evidence of good fit to the data. After evaluating the evidence of distinctiveness and the reliabilities of 

the subscores from the multidimensional models, however, the evidence suggests the subscores may 

not be that meaningful in terms of the information they provide.  

 

5.1.  RELATIONSHIP BETWEEN STATISTICAL LITERACY AND REASONING  

 

The results of these analyses may also help clarify the relationship between the constructs of 

statistical literacy and reasoning. Under a MIRT approach, the cross-loading model (Model C) 

presented good fit to the data and evidence of reliability and distinction making this the most useful 

model to describe the possible relationship between statistical reasoning and literacy. This model 

supports the theory from Garfield and Ben-Zvi (2008) of a hierarchy between statistical literacy and 

statistical reasoning, with statistical literacy being the basis for statistical reasoning.  

As stated by Sinharay et al. (2018), however, if subscores have added value over a total score, the 

MIRT model should provide a better fit of the data than a unidimensional IRT model. In this study, the 

unidimensional model (Model D) showed improved values of RMSEA, TLI and CIF as well as smaller 

values of AIC, AICc, SABIC, and BIC, indicating that this model provides a better fit to the data than 

the cross-loading model. In addition, the unidimensional model flagged fewer items as poorly 

discriminating or with misfit (see Appendix and Table 2). Finally, the statistical literacy and reasoning 
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subscores from the cross-loading model were highly correlated with the scores from the unidimensional 

model which also suggests that the literacy and reasoning subscores might not provide additional 

information than the scores from the unidimensional model. 

These results suggest the subscores of statistical literacy and statistical reasoning provided by the 

REALI assessment do not have added value beyond a total score. This indicates that the constructs of 

literacy and reasoning might overlap so much that they cannot be distinguished. This supports the 

second theoretical model proposed by delMas (2002) in which statistical reasoning is presented as a 

subset of statistical literacy. 

 

5.2.  LIMITATIONS 

 

This study aimed to clarify the relationship between statistical literacy and reasoning; however, the 

limitations of the study are important to consider in interpreting the results. Firstly, what this study 

revealed about the relationship between statistical literacy and reasoning is tied to how these constructs 

were assessed (REALI assessment) and the definitions of statistical literacy and reasoning used in this 

study. As stated earlier, there are disagreements in terms of the definitions of these terms and the 

constructs could also be measured using different assessments (thought at this point, REALI is the only 

assessment who was designed to concurrently measure these constructs). Therefore, it is important to 

note that different results could be achieved if different definitions or assessments were used.  

Another point to consider is that even though all participants were students enrolled in introductory 

statistics courses at institutions of higher education, no information was gathered on these students 

except for the answers to each question in the REALI instrument. For this reason, additional information 

regarding students’ characteristics is not available. In addition, it is important to note that the 

participants were not evenly divided among the 31 instructors who administered the instrument in their 

classes and this nested structure of the data was not accounted for by the IRT framework. Finally, the 

instructors and students participated in this study on a voluntary basis, and the administration of the 

REALI instrument was not uniform among all institutions. These differences in test administration 

might have increased errors in student responses. As mentioned in Sabbag et al. (2018), the issue of the 

lack of opportunity to learn the concepts covered in this assessment can also introduce guessing and 

consequently measurement error in students’ responses. This adds to the uncertainty regarding students’ 

responses, and therefore potentially decreases the reliability of scores.   

 

5.3.  IMPLICATIONS FOR FUTURE RESEARCH 

 

As previously stated in Sabbag et al. (2018), and as can be seen in Table 4, there are some items in 

the REALI assessment that do not discriminate well between students with high and low ability 

(discrimination values lower than 0.8; De Ayala, 2009). This continues to be true in this study. 

Additional research is needed to understand the students’ thought process when they are answering high 

difficulty level items and how these items can be improved. It is also important to note that the average 

item difficulty for REALI items is around –0.80 (Table 4) indicating that items are on average easier 

and some students with high ability might not be challenged by most of these items. Therefore, if items 

are re-written or new items are included in the instrument, it is desired that they have a higher level of 

difficulty to ensure that there will be enough information to estimate students’ abilities throughout all 

ability ranges. 

Research about statistical literacy and reasoning is still evolving. This study and other recent ones 

like Callingham and Watson (2017) provide empirical evidence to help researchers, scholars, and 

instructors to better understand these constructs. As suggested by Gould (2017), however, these 

constructs also continue to be updated based on how the role of data in citizens’ lives has changed. If 

the new demands to learn from modern data are leading instructors to re-think what it means for students 

to be statistically literate and to reason with statistical concepts, then there comes a need to update the 

teaching and assessment of these constructs. Further studies can explore how these constructs relate to 

data literacy, which is now being introduced in some introductory statistics courses. Investigations can 

also examine what aspects of statistical literacy and reasoning are present in introductory data science 

courses and how they differ from introductory statistics courses.  
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APPENDIX  

 

Table 4. Estimates and standard errors for the item parameters for the cross-loadings (Model C) and unidimensional (Model D) models. 
 Model C  Model D   Model C  Model D 

Item Disc. Difficulty  Disc. Difficulty  Item Disc. Difficulty  Disc. Difficulty 

Literacy       Reasoning      

             

1 0.67 (0.08) 1.46 (0.07)  0.71 (0.08) 1.47 (0.08)  3 0.80 (0.08) -0.70 (0.07)  0.96 (0.08) -0.70 (0.07) 

2  1.17 (0.10) 1.62 (0.09)  1.23 (0.10) 1.62 (0.09)  4 1.27 (0.13) 2.28 (0.13)  1.55 (0.13) 2.40 (0.13) 

5 0.44 (0.17) 3.64 (0.18)  0.49 (0.18) 3.65 (0.18)  7 1.11 (0.11) 1.34 (0.09)  1.21 (0.09) 1.33 (0.08) 

6 0.56 (0.06) 0.53 (0.06)  0.59 (0.07) 0.54 (0.06)  8 0.76 (0.08) -0.75 (0.06)  0.93 (0.08) -0.75 (0.07) 

9 1.34 (0.11) 2.18 (0.12)  1.42 (0.12) 2.19 (0.12)  11 0.58 (0.09) 1.65 (0.08)  0.67 (0.08) 1.63 (0.08) 

10 0.96 (0.08) 0.03 (0.06)  1.11 (0.08) 0.04 (0.07)  12 0.85 (0.08) 0.07 (0.06)  0.91 (0.07) 0.07 (0.06) 

13 1.44 (0.11) 1.66 (0.10)  1.55 (0.11) 1.70 (0.10)  16 1.76 (0.18) 2.62 (0.17)  2.05 (0.16) 2.78 (0.16) 

14 1.55 (0.13) 2.30 (0.13)  1.70 (0.13) 2.35 (0.13)  17 0.75 (0.08) 0.08 (0.06)  1.11 (0.08) 0.10 (0.07) 

15 1.33 (0.09) 0.30 (0.07)  1.36 (0.09) 0.30 (0.07)  18 1.35 (0.13) 1.98 (0.12)  1.60 (0.12) 2.07 (0.12) 

19 1.65 (0.13) 2.00 (0.12)  1.73 (0.13) 2.01 (0.12)  20 1.11 (0.10) 0.73 (0.07)  1.26 (0.09) 0.74 (0.07) 

21 1.87 (0.14) 1.86 (0.12)  1.94 (0.13) 1.86 (0.12)  23 1.69 (0.16) 2.12 (0.13)  2.09 (0.15) 2.33 (0.14) 

22 1.21 (0.11) 2.03 (0.11)  1.18 (0.10) 1.97 (0.10)  24 0.91 (0.09) 0.89 (0.07)  1.15 (0.09) 0.93 (0.07) 

25 1.56 (0.11) 1.12 (0.09)  1.56 (0.10) 1.11 (0.09)  27 0.88 (0.09) 0.61 (0.07)  1.13 (0.08) 0.64 (0.07) 

26 1.38 (0.10) 0.73 (0.08)  1.40 (0.09) 0.73 (0.08)  28 0.54 (0.08) 0.78 (0.06)  0.72 (0.07) 0.80 (0.06) 

29 1.14 (0.09) 0.05 (0.07)  1.24 (0.08) 0.06 (0.07)  31 1.41 (0.12) 0.54 (0.08)  1.61 (0.10) 0.57 (0.08) 

30 0.46 (0.06) 0.42 (0.06)  0.53 (0.06) 0.43 (0.06)  32 0.98 (0.09) 0.21 (0.06)  1.13 (0.08) 0.21 (0.07) 

34 1.18 (0.09) 0.38 (0.07)  1.28 (0.09) 0.40 (0.07)  33 0.61 (0.08) 0.86 (0.06)  0.70 (0.07) 0.85 (0.06) 

36 0.81 (0.08) 1.45 (0.08)  0.81 (0.08) 1.44 (0.08)  35 0.69 (0.08) -0.06 (0.06)  0.71 (0.07) -0.06 (0.06) 

37 1.69 (0.21) 4.19 (0.29)  1.93 (0.23) 4.32 (0.29)  39 0.83 (0.08) -0.09 (0.06)  0.93 (0.07) -0.08 (0.06) 

38 1.10 (0.09) 1.06 (0.08)  1.18 (0.09) 1.07 (0.08)  40 0.88 (0.09) -0.45 (0.06)  1.02 (0.08) -0.44 (0.07) 

Note: Items with discrimination estimates smaller than 0.80 were bolded. The “statistical reasoning” items in Model B were cross-loaded to the “statistical literacy” construct with 

a fixed discrimination of 0.2 so that literacy’s effect on the reasoning items was smaller than the direct effects from statistical reasoning. 


