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The increasing societal relevance of data-driven technologies highlights the importance of fostering 
data literacy in education. One important part is data cleaning, which plays a crucial role in data-
driven technologies and offers authentic opportunities to foster data literacy through critical 
engagement with real-world data. Despite its mathematical richness, data cleaning – particularly 
outlier detection – remains underrepresented in school curricula and educational research. This paper 
presents a design-based research project focusing on the mathematical foundations of outlier detection 
methods. Using the four-level approach by Hußmann and Prediger (2016), we specify and structure the 
mathematical topic of boxplots for outlier detection. We explore how these concepts can be meaningfully 
embedded in intended learning trajectories to promote students’ understanding of variability, 
robustness, and the impact of assumptions. The material is based on real datasets and aims to support 
critical reflection on data-driven decision-making.  

 
INTRODUCTION 

The growing influence of data science and data-driven algorithms on our society and daily life, 
amplifies the relevance of data literacy. This trend is reflected in the increasing number of publications 
in this field, covering both statistics and computer science education, addressing different target groups 
from schools onwards (Daniel, 2017; Fleischer et al., 2022; Markulin et al., 2022; Msweli et al., 2023; 
Schönbrodt et al., 2022; Schüller, 2022; Witte et al., 2025). One important factor contributing to the 
relevance of data literacy is the development and omnipresence of AI technologies. These technologies, 
which are mostly based on machine learning methods, require large datasets and extensive training. A 
critical aspect of working with large datasets is the preprocessing and cleaning of messy data, including 
missing values, duplicates, outliers, and errors (Chu, 2019). Anaconda (2022) states that 38% of a data 
scientist’s work involves preparing and cleaning data. According to Lohr (2014), the “data janitor work” 
of collecting and preparing data accounts for up to 80% of a data scientist’s work. 

Schüller (2022) emphasizes that data can be understood as abstractions of the real world, and 
that information and knowledge emerge through processes of cleaning and preparation. Data cleaning 
offers a promising starting point for promoting data literacy within mathematics education. Despite the 
growing relevance of this topic, data cleaning is rarely addressed in school curricula, and there is a 
noticeable lack of educational research in this area. To address this gap, we are conducting a design-
based research project to explore the role of data cleaning in fostering data literacy competencies among 
high school students and to develop appropriate teaching and learning materials. Particular emphasis is 
placed on outlier detection, as it represents a mathematically rich and conceptually meaningful aspect 
of data cleaning. 

 
THEORETICAL BACKGROUND 
Definition – Outlier and Outlier Detection 

As the focus in this paper is on outlier detection, we first provide a brief explanation of what 
constitutes an outlier. In addition, a short contextualization and a summary of potential outcomes from 
implementing an outlier detection algorithm will be provided. Hawkins (1980) defines an outlier as an 
observation deviating so much from the other observations that it suggests it was generated by a different 
mechanism. Aggarwal (2017) also refers to outliers as abnormalities, discordants, deviants or anomalies. 

Outliers are not just statistical curiosities – they often carry meaningful information. Siebert et 
al. (2022) and Aggarwal (2017) contextualize that outliers can indicate real-world phenomena such as 
cyber-security attacks (intrusion detection), underlying diseases (healthcare), credit-card fraud 
(finance), or quality and production errors (manufacturing). Outliers can also provide insights about 
weather patterns and climate change (Aggarwal, 2017). 

There are many mathematical methods for outlier detection, which are selected according to 
context and data set. Outlier detection can involve a test of the significance for an observation leading 
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to the decision of rejecting or retaining an observation (Grubbs, 1950). In general, outlier detection is 
framed as a classification problem – either binary (outlier vs. normal data) or continuous (outlier 
scoring) (Aggarwal, 2017). A scoring can be interpreted as an increase in score from normal data to 
weak and strong outliers, which may be considered noise or anomalies (Aggarwal, 2017). In the context 
of this paper, the learning material developed within our design-research project focuses on a single 
numerical dataset and its corresponding context. It introduces various definitions and methods of outlier 
detection to offer a multifaceted view of the topic. The richness of the material becomes evident through 
discussions and transfer tasks that assess whether students apply their understanding in new contexts. 

 
Mathematical overview – outlier detection 

Outlier detection techniques can be categorized in various ways to structure the different 
concepts and procedures. Simple categorizations distinguish between statistical-based, distance-based 
and model-based outlier detection techniques (Chu, 2019). To provide a broader overview of the 
conceptual landscape, Table 1 offers a concise summary of common approaches. Distance-, density-, 
and clustering-based methods are types of proximity-based models (Aggarwal, 2017).   

 
Table 1. Outlier detection methods and models (Aggarwal, 2017; Chu, 2019; Dean & Dixon, 1951; 

Dixon, 1950; Grubbs, 1950; Grubbs, 1969; Wang et al., 2019). 
 

Category Description Examples 
Statistical-based 

Methods 
Provide outlier scores or probabilities of data 

points fitting to the chosen distribution. 
Grubbs test, Dixon-type test, 

Boxplots, Trimmed Mean 
Extreme-Value 

Analysis 
Determines outliers based on deviations from 

normal patterns. 
3σ rule, Boxplots, Depth-

Based methods  
Distance-Based 

Methods 
Use the distance of a data point to the k-nearest 
neighbor to define the proximity between data 

points. 

K-Nearest Neighbor, 
Instance-Specific 

Mahalanobis method 
Density-Based 

Methods 
Define local density by the number of other 

points within a specified local region. 
Local Outlier Factor (LOF), 

Histogram-Based Techniques 
Clustering-

Based Methods 
Quantify outliers by non-membership to any 

cluster, distance from other clusters, or size of 
the closest cluster. 

Cluster Analysis, Extremely-
Randomized Clustering 

Forest 
Information-

Theoretic 
Models 

Implicitly generate a small summary of the data, 
and the deviations from this summary are 

flagged as outliers. 

Frequent Pattern Mining, 
Histograms, Principal 
Component Analysis 

Linear Models Model data along lower-dimensional subspaces 
using linear correlations. The distance to a fitted 

model quantifies the outlier scores. 

Linear Regression, 
Support Vector Machines 

Learning-Based 
Methods 

Learn different models through the application 
of these learning methods to detect outliers. 

Deep Learning, Supervised 
Learning 

 
Within our design-based research project, we will focus on statistical-based methods, extreme-

value analysis, and proximity-based models (distance-based, density-based and clustering-based) as 
examples for outlier detection techniques. Those provide a broad perspective on outlier detection. 

 
Educational research on data cleaning 

There are some examples investigating data cleaning in mathematics education as part of data 
science projects. Fleischer et al. (2022) examine an extended data science project about machine 
learning with educationally designed Jupyter Notebooks. Markulin et al. (2022) present a statistics 
course for Business Administration. Both projects include data cleaning but address it as a minor 
component in their projects without specifically focusing on teaching the underlying mathematical 
methods. The approach of "Data Moves" from Erickson et al. (2019) encompasses analogous concepts, 
such as filtering, merging, and summarizing. However, it adopts a more comprehensive perspective that 
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does not prioritize mathematical data cleaning techniques. Wilkerson et al. (2021) examined the 
variability in data preparation processes for public datasets, which manifest as data moves. The paper 
focused on students performing data moves in CODAP for data preparation. The study is a re-analysis 
of data moves, which are about sorting, filtering, grouping, and calculating (Wilkerson et al., 2021). 
Therefore, the emphasis is not on the immediate detection of duplicates, missing values, or outliers. 
Fergusson et al. (2024) present a study about data cleaning and how high school teachers use data 
practices as they engage with messy data.  
 
Design research project on outlier detection  

Given the importance of data cleaning for fostering data literacy and the limited focus on 
mathematical aspects in existing studies, our research project addresses this gap explicitly. We aim to 
identify appropriate data cleaning methods and concepts, with a particular emphasis on outlier detection, 
to teach high school students. We investigate whether an intervention emphasizing mathematical aspects 
of data cleaning influences students’ data literacy competencies according to Schüller’s (2022) data 
literacy framework. Previous research has mostly investigated data cleaning and outlier detection in 
mathematics or statistics education as just one of many steps in the learning environment, or with a 
focus on high school teachers. Our design-based research project encompasses the development of 
teaching-learning materials on data cleaning, highlighting the mathematical foundations of outlier 
detection methods. The aim of this paper is to specify and structure the mathematical content of outlier 
detection as part of data cleaning. 
 
METHOD 

In the following, we highlight key concepts and methods of outlier detection. Building on the 
theoretical background and these concepts, we apply the four-level approach of Hußmann and Prediger 
(2016) to a selected method – boxplots. Specifically, we specify and structure the mathematical content 
of boxplots for outlier detection according to the four-level approach and focus on the first three levels: 
at the formal level, we identify relevant mathematical objects and methods; at the semantic level, we 
discuss key ideas, concepts and their interconnections; and at the concrete level, we present a generic 
approach for integrating outlier detection into teaching-learning materials, including a new visualization 
for introducing boxplots.  

 
DIDACTICAL ANALYSIS 

Each outlier detection method is based on distinct key ideas and assumptions about the 
underlying data distribution. Looking at the underlying ideas and concepts, we should focus on 
assumptions being made and key ideas. Statistical-based methods typically presuppose a specific 
distribution model. For example, tests such as Grubbs or Dixon rely on the assumption of a normal 
distribution to detect extreme values as potential outliers. Understanding the concept of a distribution 
model and recognizing that both global and local extreme values can indicate outlier therefore is crucial. 
These assumptions influence the distinction between normal and abnormal data behavior, emphasizing 
the role of human judgment in shaping detection outcomes and, consequently, data-driven decisions. 

Distance-based methods, as articulated by Wang et al. (2019), rely on the underlying principle 
that normal data points are proximate to their neighbors, whereas outliers are characterized by a greater 
distance to their nearest points. The effectiveness depends on defining appropriate distance thresholds.  

Cluster-based methods, discussed by Aggarwal (2017), Chu (2019), and Wang et al. (2019), 
require decisions about the number of clusters to be formed. These methods identify outliers based on 
their relationship to cluster structures, such as the distance to other clusters, the size of the nearest 
cluster, or the absence of cluster membership (Aggarwal, 2017).  

Density-based methods, as delineated by Aggarwal (2017), segment the data space and 
determine local density based on the number of points within a designated region. The key idea is that 
outliers are more probable in regions of low density (Wang et al., 2019).  

This brief overview of different detection methods shows how the assumptions and key ideas 
underlying each method influence which data points are detected as an outlier. In the following section, 
we will focus specifically on the use of boxplots as a statistical-based method for outlier detection, 
which constitutes a central topic in our design-research project and the associated teaching-learning 
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materials. We will follow the 4-level approach by Hußmann and Prediger (2016), addressing and 
adapting some of their guiding questions to further specify and structure the topic of boxplots in the 
context of outlier detection. 

 
Boxplots: Introduction 

The presentation of boxplots frequently used in school contexts focuses on the distribution of 
data but typically omits the detection of outliers. Even when outliers are visualized within boxplots, the 
thresholds applied to classify them are rarely made transparent. To address this gap in context of a 
teaching-learning arrangement, we have adapted the classical boxplot representation to emphasize the 
process of outlier classification. 

A short review of the literature on boxplots reveals the focus on misconceptions, challenges in 
understanding and interpreting boxplots, and recommendations for exploratory data analysis in 
mathematics education. Studies have also explored the implementation of boxplots as a reversal task 
and their role in promoting key concepts related to variability (Abt et al., 2024; Bakker et al., 2005; 
Biehler & Steinbring, 1991; Lache et al., 2022; Lem et al., 2013; Ossadnik, 2022). Previous approaches 
have primarily focused on measures of location and dispersion, with comparatively less attention given 
to the role of outliers and their identification. In particular, the methods for detecting outliers are rarely 
discussed or integrated into didactic frameworks. Even when boxplots with outliers are used, explicit 
strategies for fostering students’ understanding of outlier detection remain underdeveloped  

Therefore, we will examine boxplots as a descriptive tool for visualizing datasets, with a 
particular emphasis on the detection of outliers. The aim of this paper is to provide an overview of how 
to meaningfully detect outliers using boxplots. After analyzing the mathematical content on the formal 
and semantic level, we propose a teaching approach designed to enhance students’ understanding of 
boxplots in the context of outlier detection and to introduce these concepts in a pedagogically 
meaningful way. 

 
Boxplots: Formal level 

On the formal level we will address the guiding question “which concepts and theorems have 
to be acquired in the context of boxplots?” Understanding boxplots for outlier detection requires the 
acquisition of several concepts and theorems. First, students must grasp the descriptive elements of a 
boxplot, such as the minimum, maximum, and median. A dataset is typically described as a sample, 
which is a finite subset of a population, and the sample size, denoted as n, indicates the number of 
elements it contains.  

Tukey (1977) introduced boxplots as graphical representation of the five-number summary 
(extreme values, lower quartile, upper quartile, and median). These values divide the dataset into four 
equally sized sections. Eichler and Vogel (2013) further formalize the definition of the median and the 
quartiles using quantiles. For a dataset x!, x", … , x# of metric data and 0	 < p	 < 	1, the p-quantile x$ ∈
R is defined as 

𝑥% = 𝑥&⋅%(! 																													𝑓𝑜𝑟	𝑛 ⋅ 𝑝 ∉ 𝑍	

𝑥% =
1
2
(𝑥&⋅% + 𝑥&⋅%(!) 									𝑓𝑜𝑟	𝑛 ⋅ 𝑝 ∈ 	𝑍.	

Then they describe the quartiles and the median as: 
● 0 - quantile is as (0. Quartile or) minimum of the sample (x)*#), 
● 0.25 - quantile is as 1. Quartile of the sample (x+."-), 
● 0.5 - quantile is as (2. Quartile or) median of the sample (x+.-), 
● 0.75 - quantile is as 3. Quartile of the sample (x+..-), 
● 1 - quantile is as (4. Quartile or) maximum of the sample (x)/0). 

 
The difference between the first and third quartile is known as the interquartile range (IQR), 

IQR = x+..--x+."-, and serves as a robust measure of dispersion (Eichler & Vogel, 2013). The range, 
calculated as difference between the maximum and the minimum, is another measure of dispersion. 
Both dispersion measures are reflected in the five-number summary and the resulting boxplot. 



IASE 2025 Satellite Paper – Non-Refereed (DOI: 10.52041/iase25.146) Eckert et al. 
 

 
In: Birk, L., Loth, G., Jotzo, L., Binder, K., & Frischemeier, D. (Eds.) (2026). Statistics and Data Science 
Education in STEAM. Proceedings of the Satellite Conference of the International Association for 
Statistical Education (IASE), September/October 2025, Münster, Germany. Ó ISI/IASE. 

5 

In the context of outliers and boxplots, the IQR is crucial. Outliers are identified using fences 
defined by 1.5 times the IQR below the first quartile and above the third quartile. Any data point lying 
outside these bounds is classified as an outlier and is typically displayed individually in the boxplot. 

How can the concepts, theorems, justifications, and procedures be structured in logical 
trajectories? The initial step is intuitively identifying the median and quartiles through ordering the 
sample (Eichler & Vogel, 2013). Familiarity with calculating the range provides a foundation for 
understanding dispersion, which naturally leads to the introduction of the IQR. Once all components of 
the five-number summary are introduced, students are capable of visually summarizing the distribution 
using boxplots. Outlier detection then becomes a straightforward extension as students apply the fences 
((x+."-	-1.5 ⋅ IQR, x+..- 	+ 1.5 ⋅ IQR)) to detect outliers.  

In summary, the formal understanding of boxplots for outlier detection involves descriptive 
statistics, quantile-based reasoning, and the use of robust dispersion measures. This process culminates 
in the graphical identification of outliers within a dataset. This logical progression facilitates the 
meaningful acquisition of the theoretical and practical aspects of boxplots in statistical education. 
 
Boxplots: Semantic Level 

At the semantic level, we highlight key ideas underlying the concepts, theorems, and procedures 
related to the use of boxplots for outlier detection. Boxplots aggregate information about a sample and 
provide a visual summary of distributional properties. This idea is crucial for boxplots and at the same 
time it introduces a limitation: individual data points become obscured (Bakker et al., 2005). To mitigate 
this, Bakker et al. (2005) recommend combining boxplots with dot plots. The simultaneous visualization 
of global patterns and individual cases can also prevent from the misinterpretation of the area in the box 
(Abt et al., 2024). This common misconception assumes that the size of the area is directly proportional 
to the number of data points. However, it is important to note that the size of the box actually reflects 
the density of the data inside this area (Lem et al., 2013).  

Furthermore, understanding the concepts of spread and variability is crucial for engaging with 
boxplots (Abt et al., 2024; Bakker et al., 2005). The range can serve as a rudimentary measure of spread, 
and provides a useful start for introducing the interquartile range (IQR) as a more robust alternative. 
The IQR is interpreted not only as the spread of the middle 50% of the data, but as a measure of the 
overall spread (Bakker et al., 2005). Abt et al. (2024) describe the boxplot as an overlay of the range. 

The IQR is a measure of spread that is particularly robust against outliers (Bakker et al., 2005). 
In contrast, the range and standard deviation, which are also employed in educational settings, are 
vulnerable to outliers. The notion of robustness becomes crucial for the construction of meaning through 
the use of the boxplot and the IQR in the context of outlier detection. In instances where outliers have a 
significant impact on the detection process, their presence may remain undetected. Consequently, the 
following question is posed: How does the robustness relate to other learning contents as the 3σ rule? 
This allows students to develop a better picture of robustness and the boxplot for outlier detection. 

A comparison between the IQR and 3σ rule highlights their respective assumptions and 
implications for outlier detection. While the  3σ rule relies on the assumption of a normal distribution 
and uses the distance of 3 standard deviations as a cut-off point, the boxplot makes no assumption. 
Interestingly, the value of 1.5 ⋅ IQR	 corresponds approximately to 2.7 standard deviations from the 
mean in case of a normal distributed sample (Aggarwal, 2017). In the intended learning trajectories both 
concepts should be compared with emphasis on outlier detection.  

In terms of general outlier detection, classic boxplots are considered statistical methods that do 
not make direct distributional assumptions. This makes them more accessible, as they are mainly 
assigned to extreme value analysis, where the concept of global extreme values as potential outliers is 
crucial for the univariate case. 
 
Boxplots: Concrete level 

This section, along with the following ones, provides insights into our learning trajectory and 
demonstrates how key ideas and underlying structures can be realized. A closer examination of boxplots 
for outlier detection reveals the need for a slightly different representation. This representation 
emphasizes the 1.5-fold IQR as a criterion for outlier detection while retaining the essential information 
of the boxplot. A fundamental distinction from conventional representations lies in the extension of the 



IASE 2025 Satellite Paper – Non-Refereed (DOI: 10.52041/iase25.146) Eckert et al. 
 

 
In: Birk, L., Loth, G., Jotzo, L., Binder, K., & Frischemeier, D. (Eds.) (2026). Statistics and Data Science 
Education in STEAM. Proceedings of the Satellite Conference of the International Association for 
Statistical Education (IASE), September/October 2025, Münster, Germany. Ó ISI/IASE. 

6 

whiskers and the explicit visualization of individual data points. In this enhanced form, the whiskers are 
extended not only to the outermost points within the specified range, but also beyond it—up to the so-
called “fences” that mark the threshold beyond which data points are considered outliers. 
Simultaneously, all data points are displayed individually, as illustrated in the boxplot in Figure 1. This 
approach will help students differentiate between noise, weak, and strong outliers. To strengthen this 
idea, different datasets can be sequenced and visualized in boxplots to illustrate the idea of the 1.5-fold 
IQR as a boundary. Therefore, it is crucial to direct students’ attention to the whiskers as a boundary 
where the binary classification of an outlier occurs. For discussions, we suggest prompting students to 
consider data points near the fences and to discuss which data points might require a deeper analysis, 
thereby guiding the development of the concept of a whisker as a classification boundary.  
 

 
Figure 1. Enhanced boxplot for outlier detection. 

 
Standard deviations calculated using the 3σ rule (particularly for normal distributions) and IQR 

depicted using boxplots can facilitate the visualization of data (see Figure 2). The detection of outliers 
is facilitated by the implementation of scatter measures. Human agency can be identified as a 
contributing factor within the system. Biehler and Steinbring (1991) describe the specification of the 
more general concept of dispersion in the form of quartile intervals (25% and 75% values) as 
pragmatically justified and, at the same time, arbitrary. The arbitrariness of the situation presents a 
valuable opportunity for students to engage in critical reflection and discourse regarding the assumptions 
that were initially made and the approaches that have evolved over time. 

The standard deviation and the IQR are both used to detect outliers, defined as data points with 
a very low probability at this part of the distribution. On the one hand, this knowledge can be used to 
consider distribution assumptions that are sometimes made. At the same time, to move more strongly in 
the direction of statistical-based methods and deal with methods such as Grubbs or Dixon's test. This 
interplay between visual and statistical methods deepens students’ conceptual understanding of outliers 
and lays the foundation for critical engagement with the assumptions and limitations of different 
detection methods. 

 
OUTLOOK 

In summary, outlier detection represents a mathematically rich topic that offers links to school 
curricula and to learning objectives from the field of data literacy. A comprehensive learning trajectory 
for outlier detection can be initiated with intuitive extreme value analyses and progressing toward 
statistical methods such as the 3σ rule, boxplots, and the Mahalanobis distance. Central questions could 
be: Which values are good candidates for potential outliers in order to check them with a detection 
method? What influence do the distribution and assumptions made have on the selection of outliers (also 
beyond the distribution assumption)? What influence does the method have on detecting outliers? At 
the same time, students should understand the influence of data cleaning and outlier detection on data-
driven predictions and that carelessly removing outliers can have significant consequences. 

The paper presents a first approach for integrating outlier detection into learning trajectories, 
which offers valuable opportunities to foster data literacy and to support students in becoming 
responsible, data-aware citizens. Further empirical research is needed, particularly on how students 
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interpret and use boxplots in the context of identifying outliers. Such studies have the potential to inform 
refinements to the learning trajectory and support the development of effective instructional strategies. 

Following this structured approach not only opens up mathematical content that is rarely 
addressed in traditional classrooms but also highlights the role of data cleaning and outlier detection in 
machine learning contexts. The next step in this project is the empirical testing and analysis of the 
prototype materials, with a focus on how well the intended learning trajectory supports conceptual 
understanding and promotes data literacy competencies. 
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